The conventional distorted-wave theory for x-ray scattering from surfaces is expanded to account for phasesensitive reference-beam diffraction in bulk crystals. The expanded theory, presented here for the transmission geometry that is suitable for biological specimens, provides a simple intensity formula with an explicit dependence on the phases of the structure factors. Numerical results show excellent agreement with full dynamical calculations. Based on this theory, a universal optimal condition is proposed for maximizing the referencebeam interference effects in an experiment.
Reference-beam x-ray diffraction is a recently developed experimental technique 1, 2 that incorporates the phasesensitive multiple-beam diffraction into an oscillating-crystal setup, which is one of the most popular data collection methods used nowadays in x-ray crystallography. With this technique, it is possible to directly measure both the magnitudes and the phases of a large number of Bragg-reflection structure factors in a relatively short time period, thus offering a potential solution to the classic phase problem of x-ray diffraction. In a typical reference-beam diffraction experiment, 1 a strong reference Bragg reflection G is first aligned along the oscillation axis, which is tilted with respect to the direction normal to the incident x-ray beam by the Bragg angle
G . An oscillating-crystal diffraction pattern is then collected on a two-dimensional detector. The intensity of each Bragg peak H recorded on the oscillation image is affected by the existence of the reference reflection G, and contains an interference contribution that depends on the relative phases of the reflections. A complete reference-beam interference profile is obtained by taking multiple exposures at a series of tilt angles on the G reflection rocking curve, much like in an x-ray standing-wave experiment. 3 The reference-beam interference effect is governed by the principle of multiple-beam diffraction and can be fully understood by applying an n-beam dynamical diffraction theory. 4 This theory, even though very powerful, involves complex computations, which often mask the underlying physics in reference-beam diffraction and make it difficult to use in the data analysis of thousands of reflections measured in an experiment. For this reason a perturbational theory based on a second-order Born approximation [5] [6] [7] has so far been used in reference-beam data analysis, 1,2 which gives good descriptions on the wings of a reference-beam interference profile but is often invalid near the center of the reference-reflection rocking curve. In addition, phaseindependent contributions [7] [8] [9] to the diffracted intensity are either incorrectly calculated or completely omitted in the perturbational approach.
To overcome these difficulties, an expanded distortedwave Born approximation ͑EDWA͒ has been developed recently 10 to provide a simple phase-sensitive analytical description of reference-beam diffraction profiles that is valid for all recorded Bragg reflections and over the entire G reflection rocking curve. The EDWA approach is essentially an extension to the conventional distorted-wave Born approximation ͑DWA͒ that is widely used in grazing-angle diffraction and scattering from surface structures. 11, 12 In the DWA, the scattering medium is first approximated by a distorting susceptibility component that equals the zeroth-order Fourier component representing the average charge density. A distorted wave ͑Fresnel wave͒ is obtained for the distorting component using a standard optical theory, and its rescattering by surface roughness or other surface structures is solved using the first-order Born approximation.
In the EDWA, a sinusoidal Fourier component G is added to the distorting susceptibility component. This sinusoidal component represents a charge-density modulation that corresponds to the reference G reflection. Instead of the Fresnel theory, a two-beam dynamical theory 3, 13 is employed to evaluate the distorted-wave, while the subsequent scattering of the distorted-wave is again handled by the first-order Born approximation. This EDWA approach has been successfully applied to reference-beam diffraction in Bragg reflection geometry. 10 In this report, we show that the same EDWA theory can be equally applied to the Laue transmission case, which is particularly suitable for biological crystals in which absorption is negligible and diffraction occurs mostly at small scattering angles.
When an x-ray plane wave, D 0 (r)ϭD 0 (0) exp(Ϫik 0 •r), is scattered by a crystal with a susceptibility (r) ϭϪ(r e 2 /)(r), its electric displacement field D is given by 3, 13 
where r e ϭ2.8ϫ10 Ϫ5 Å is the classical radius of an electron, is the x-ray wavelength, and k 0 ϭ2/. The electron density (r) is periodic in the crystal and can be expanded into a Fourier series: (r)ϭ(1/V c )⌺ H F H exp(ϪiH•r), where V c is the unit-cell volume and F H are the structure factors. Following the EDWA description given in Ref. 10, (r) is separated into a distorting component 1 (r) and the remaining part 2 (r): (r)ϭ 1 (r)ϩ 2 (r), where 1 (r) contains the homogeneous average susceptibility, plus a single predominant Fourier component G:
with ⌫ϭr e 2 /(V c ). Fig. 1 .
The distorted wave D 1 (r), due only to 1 (r), satisfies the following equation:
which is a standard two-beam case since only O and G Fourier components exist in 1 (r), and can therefore be solved by the two-beam dynamical theory. 3, 13 For simplicity we consider a parallel-plate Laue geometry ͑Fig. 1 inset͒ with b being the ratio of the directional cosine, with respect to the surface normal, of the incident wave vector k 0 to that of the reflected k G ϭk 0 ϩG. In addition, we assume that the incident beam polarization direction D 0 is perpendicular to the scattering plane formed by k 0 and k G .
In a Laue case, the two-beam solution of Eq. ͑3͒ provides the internal G and O waves at both branches of the dispersion surface, which is different from the simpler example of a semi-infinite Bragg case given in Ref. 10 . The total distorted wave D 1 (r) is thus the sum of these four internal waves, which can be expressed as follows:
͑5͒
where AϭA(z)ϭ⌫͉F G ͉z/( cos G ), z is the depth into the crystal from the entrance surface, and G ϭ(
is the angular deviation from the Bragg angle G normalized to its Darwin width. 3 Here we have set bϭ1 for a symmetric Laue case but the extension to asymmetric cases is trivial. Capital K's in Eq. ͑4͒ are used to indicate that these are internal waves inside the crystal, K G ϭK 0 ϩG, averaged over the two branches of the dispersion surface. The amplitudes of these distorted waves, given by Eq. ͑5͒, are slow varying functions of depth z through parameter A.
We now consider the rescattering of the distorted-wave D 1 (r), Eqs. ͑4͒ and ͑5͒, by the remaining part of the susceptibility 2 (r). Using the first-order Born approximation, 6, 10 the scattered wave field D(r) is given by
where u is a unit vector and r is the distance from the sample to the observation point, and the integral is evaluated over the sample volume. The integral in Eq. ͑6͒ can be greatly simplified by factoring out the amplitudes r 0 and r G because of their much weaker spatial dependence than K 0 •r and K G •r, by a factor of ϳ⌫͉F G ͉ which ranges from 10 Ϫ5 -10 Ϫ6 for inorganic to 10 Ϫ7 -10 Ϫ8 for protein crystals. Similar to the treatment of primary extinction effect in the Bragg case, 10 we first evaluate the intensity I H (z) scattered by a volume element at certain depth z ͑Fig. 1 inset͒ and then take an average over z to obtain the final intensity. It is also worth noting that the distorted wave Eq. ͑4͒ is now the new incident wave for the Born approximation Eq. ͑6͒, and it consists of two beams, K 0 and K G . These two ''incident'' beams can each produce its own diffraction pattern. If reflection H satisfies the Bragg's law, k 0 uϭK 0 ϩH ϵK H , and is excited by K 0 , then there always exists a reflection HϪG, excited by K G , such that the doubly scattered wave travels along the same direction as K H since K G ϩHϪGϭK H . With this in mind and using the algebra given in Ref. 6 , it is easy to show that Eq. ͑6͒ gives rise to the following scattered wave in the u direction: 
which is averaged over thickness t of the crystal as discussed in the last paragraph.
14 Equations ͑8͒ and ͑9͒ represent the main results of the EDWA theory for the Laue transmission case and both are valid for either absorbing or nonabsorbing crystals. However, we consider only the nonabsorbing cases in which the distorted-wave amplitudes r 0 and r G are given by the simple form of Eq. ͑5͒. Through Eqs. ͑8͒ and ͑5͒, Eq. ͑9͒ provides an analytical formula for calculating the diffracted intensity of reflection H, as a function of the rocking angle ( G ) of the reference G reflection. The interference between the two terms in Eq. ͑8͒ yields an explicit phase dependence in a reference-beam diffraction process: cos(␦ϩ G ), where G is the phase of the amplitude ratio r G /r 0 and is a function of G .
To illustrate that the EDWA theory is a very good approximation, in Fig. 2 we show a numerical example for a GaAs Gϭ(004) symmetric Laue case (bϭϩ1) with a crystal thickness of tϭ0.5 m ͓A(t)ϭ0.12͔. The main characteristics, distorted-wave field amplitudes r 0 and r G , and their relative phase shift G , of the G reference reflection are averaged over thickness t and plotted in Figs. 2͑a͒-͑c͒ as a function of G . The x-ray wavelength used in the calculation is ϭ0.918 Å and the absorption is neglected. In Fig.  2͑d͒ we show the calculated diffracted intensity profiles of the GaAs Hϭ(317) reflection for four representative tripletphase values ␦ϭ0°͑thick solid line͒, ␦ϭ90°͑thin solid line͒, ␦ϭ180°͑dash line͒, and ␦ϭ270°͑short-dash line͒.
For comparison, the results calculated using a rigorous n-beam dynamical theory 4 are shown as symbols in Fig. 2͑d͒ . As one can see, the agreements between the two theories in all four cases are excellent over the entire range of G .
In addition to its validity over the entire excitation range of the reference reflection, the EDWA theory also automatically takes into account the energy-flow balance that depends on the strengths of the structure factors involved, the socalled Aufhellung ͑strong main reflection͒ and Umweganregung ͑weak main reflection͒ effects. To illustrate these effects, we artificially adjusted the ratio of ͉F H ͉/͉F G ͉ from 0.4 ͑strong H͒ to 0.04 ͑weak H͒ by reducing the structure factor of the Hϭ(317) reflection by a factor of 10 while keeping the same triplet phases, and repeated the same calculations in Fig. 2͑d͒ . These results are shown in Fig. 2͑e͒ , where considerable peak intensities appear as Umweganregung. Nonetheless the EDWA results ͑lines͒ are again in excellent agreement with the n-beam calculations ͑symbols͒ for all four triplet-phase values.
The results shown in Fig. 2 are for a crystal thickness of
Results from the EDWA theory for GaAs in Laue transmission geometry. ͑a͒-͑c͒ Wave field amplitudes r 0 and r G and their relative phase G of the distorted-wave for reference reflection Gϭ(004). ͑d͒ Comparison of reference-beam interference profiles of Hϭ(317) for four representative triplet-phase values, using the EDWA ͑lines͒ and the full dynamical n-beam program ͑symbols͒. Parameters used: F 004 ϭϪ163.3, F 317 ϭϪ68.7, F 313 ϭ109.9. ͑e͒ Same as ͑d͒ except that the magnitude of F 317 is reduced by a factor of 10 to simulate the case of a weak primary reflection.
PRB 61 8595 BRIEF REPORTS 0.5 m with an effective Pendellösung thickness A(t) ϭ0.12, which is therefore a thin-crystal case. For thicker crystals with A(t)у1, the EDWA theory exhibits some significant deviations from the full n-beam dynamical results. This is not surprising since the first-order Born approximation is involved in the final step of calculating the diffracted intensities. The nonabsorbing thin crystal case considered here is perfectly suitable for organic and macromolecular crystals, which are the intended applications of the phasesensitive reference-beam diffraction technique. We therefore would like to examine the A(t)Ӷ1 cases in some more detail. For A(t)Ӷ1, Eq. ͑5͒ can be further simplified to the following (bϭϩ1):
With these simplified amplitudes, it is straightforward to evaluate Eq. ͑9͒ and obtain an explicit expression for the averaged H-diffracted intensity I H as a function of G :
where we have changed the definition of A to AϭA(t) ϭ⌫͉F G ͉t/( cos G ). For the example given in Fig. 2 , Eq. ͑11͒ gives the results identical to the curves calculated using Eq. ͑5͒. By noting the definition of G and the fact that is an approximate solution obtained by taking a fifth-order Taylor expansion. As shown in Fig. 3 , while intensity I H ( max ) shows a monotonic behavior, I H ( min ) exhibits a maximum dip at AϭA 0 ϭ1.83 as a result of the competition between the phase-sensitive interference effect and the phase-independent contribution. In the region AϽA 0 , the diffracted intensity is dominated by the interference effect, which can be increased by measuring a weaker H reflection ͑larger ͒. In the region AϾA 0 , I H is gradually affected and eventually dominated by the kinematic Umweganregung effect. It can therefore be concluded that the optimal observation of the reference-beam interference effect occurs around A 0 ϭ1.83 for a given crystal size and structure. This implies that A 0 ϭ0.28tF G 0 ϭ1.83, or tF G 0 ϭ6.5, where F G ϵ͉F G ͉/V c is the specific structure factor per unit volume in Å Ϫ3 and t is the crystal thickness in m. As an example, for a tetragonal lysozyme protein crystal 2 of tϭ100 m,
.01 for a strong Gϭ(320) reflection, then the above optimal condition implies that the structure-factor ratio is 0 ϭ6.5 for a maximum referencebeam interference effect. An equivalent expression for the same optimal condition is to use ratio TϭF G F HϪG /F H ϭ6.5/t, which applies not only to reference-beam diffraction but also to all three-beam cases in general.
In summary, an expanded distorted-wave theory has been developed for calculating the phase-sensitive reference-beam interference effect in Laue transmission geometry, with an emphasis on nonabsorbing biological crystals where the real phase problem in x-ray diffraction exists. It is shown that the results using the EDWA theory are in excellent agreements with the full n-beam dynamical calculations. The analytical intensity formula not only provides an explicit phase dependence of the interference effect, but can also be used to investigate optimal experimental conditions and to guide a reference-beam or a three-beam diffraction experiment. Further research may allow investigations of other experimental conditions, such as the crystal mosaicity, using the EDWA formula. It is hoped that the approach presented here would stimulate more interesting developments in this active area of diffraction physics research.
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